We consider AdS gravity duals to CFT on background spacetimes with a null infinity. Null infinity on the conformal boundary may extend to an extremal horizon in the bulk. For example it does so for Poincaré-AdS, although does not for planar Schwarzschild-AdS. If null infinity does extend into an extremal horizon in the bulk, we show that the bulk near-horizon geometry is determined by the geometry of the boundary null infinity. Hence the 'infra-red' geometry of the bulk is fixed by the large scale behaviour of the CFT spacetime. In addition the boundary stress tensor must have a particular decay at null infinity. As an application, we argue that for CFT on asymptotically flat backgrounds, any static bulk dual containing an extremal horizon extending from the boundary null infinity, must have the near-horizon geometry of Poincaré-AdS. We also discuss a class of boundary null infinity that cannot extend to a bulk extremal horizon, although we give evidence that they can extend to an analogous null surface in the bulk which possesses an associated scale-invariant 'near-geometry'.
A. On the regularity of static scale invariant geometries 32
Introduction
The AdS-CFT duality [1] is a truly remarkable tool that allows the study of certain strongly coupled field theory phenomena in terms of a dual gravitational problem. Increasingly, such problems involve the study of bulk gravity in rather exotic contexts which have not previously been considered. In particular, this has opened up the study of CFT in situations which have not been explored using conventional field theory methods, such as strongly coupled CFT on curved backgrounds, see [2] for a review. For example, the study of CFT at strong coupling on a black hole background, maps to the study of new types of bulk geometries termed black droplets and black funnels [3, 4] . By now, several examples of such geometries have been constructed numerically [5] [6] [7] [8] [9] . One of the important tools that has been introduced in recent years to study gravity in higher dimensional contexts is the extremal horizon and its near-horizon geometry, see [10] for a review. The goal of this paper is to investigate the role of extremal horizons in the bulk physics of AdS-CFT. Specifically, we will consider extremal horizons which extend to the conformal boundary.
Consider a CFT on a general static spacetime. We would expect the vacuum state to be dual to a static bulk spacetime. Suppose the boundary spacetime has asymptotic regions, such as Minkowski spacetime which is asymptotically flat. These asymptotic regions determine the large scale properties of the spacetime. Now, assuming that the CFT spectrum is not gapped, then the lowest lying excitations will correspond to the long wavelength physics in these asymptotic regions. We expect this will be captured by a dual bulk spacetime ending on an extremal horizon. Extremal horizons have an infinite throat whose geometry -often called the near-horizon geometry -is itself also a solution of the Einstein equations. The long wavelength physics in the CFT should be described in terms of perturbations living in this near-horizon region of the bulk, which from the boundary perspective will have small energies due to the large redshift near the horizon.
There are various natural questions one might ask. How does the asymptotic behaviour of the boundary metric correspond to properties of the bulk extremal horizon? When can a bulk extremal horizon end on the boundary? Is a bulk extremal horizon the most general geometry that describes large scale behaviour? It is precisely these issues that we will examine in this paper.
The first point we will clarify is that if the boundary spacetime has an asymptotic region that contains a null infinity, as for example for Minkowski spacetime, then a bulk extremal horizon may extend to the boundary and be the continuation of this boundary null infinity. However, for this to happen, the boundary null infinity must itself be conformal to an extremal horizon. We term such a null infinity as being extremal. In the case of Poincaré-AdS, the extremal horizon is the bulk Cauchy horizon, and indeed extends to null infinity of the boundary Minkowski spacetime which is extremal.
In fact we shall show that for such a bulk extremal horizon that is smooth and has no other boundaries, its near-horizon geometry is precisely determined by the structure of the boundary extremal null infinity. As a consequence, any deformation of the boundary metric that preserves the asymptotic structure will generically leave such bulk extremal horizons unchanged. For example, taking the usual Poincaré-AdS case and deforming the Minkowski boundary metric to some other asymptotically flat static geometry -such as Schwarzschild as for black droplets [5] -will generically leave the extremal horizon unperturbed for the vacuum geometry. In the example of droplets the near-horizon geometry would still be that of Poincaré-AdS. However, any deformation that changes the structure of infinity on the boundary, for example introducing an asymptotically conical rather than flat geometry, will deform the bulk extremal horizon geometry, in this case away from that of Poincaré-AdS. 1 The second issue we will address is under what conditions may null infinity on the boundary extend to an extremal horizon in the bulk. This appears to be a harder question, and we will only be able to give obstructions to extension. The first obstruction as mentioned above is that the boundary null infinity must be extremal. For example, if we take the boundary to be Minkowski with a spatial direction periodically identified, then boundary null infinity is no longer extremal, and indeed the possible bulk vacuum duals do not have smooth extremal horizons.
The second obstruction we discuss is given by the asymptotic fall-off of the boundary stress tensor. If the boundary stress tensor does not satisfy a particular decay law near null infinity, then null infinity on the boundary cannot extend to a bulk extremal horizon. As an example of this, consider again Poincaré-AdS corresponding to the bulk dual of a CFT on Minkowski in the vacuum state. This has zero stress tensor. However, consider instead the static bulk associated to the thermal state, planar-AdS Schwarzschild. This has a constant stress tensor that does not decay at infinity, and correspondingly, the boundary null infinity does not extend to a bulk extremal horizon. Rather the bulk has a non-extremal horizon, and there is a gap in the theory associated to the thermal mass.
While certain long range behaviour in static CFT states with no gap is determined by the near-horizon geometry of static bulk extremal horizons, we might ask whether all long range behaviour is determined in this way. We consider certain static boundary metrics which have null infinities that are not extremal, but nonetheless exhibit a particular asymptotic scaling symmetry, and hence have a closely related form to extremal null infinity. We term these as having a twisted null infinity. Correspondingly we argue that the dual static bulk may end in a geometry analogous to an extremal horizon, in that it has a near scaling limit, and infinite redshift. However, unlike extremal horizons, we believe these are generically null singularities.
For ease of applicability we begin the paper with section 2 that provides a summary of our results and provides explicit examples illustrating these. In the remainder of the paper we provide the arguments for these results. We begin in section 3 by defining the class of null infinities we are concerned with, those that are extremal and those that are twisted. Then in section 4 we argue that the asymptotic stress tensor provides an obstruction to the extension of boundary extremal null infinity to a bulk extremal horizon. In section 5 we first review the relevant features of extremal horizons before then showing how a bulk extremal horizon meets the conformal boundary at an extremal null infinity. Finally in section 6 we discuss the boundary twisted null infinities that we believe have vacuum bulk duals ending on a singular null surface of infinite redshift.
Summary and examples
In this section we provide a summary of our main results and give examples that illustrate them in practice. In the remainder of the paper we derive the results described here.
Setup and main results
Setup. We will consider d + 1 dimensional spacetimes (M, g), with a conformal boundary, satisfying the vacuum Einstein equations with a negative cosmological constant. We will set the AdS d+1 length to one so that our conventions are such that
We will consider solutions with a conformal boundary representative (∂M, h) which itself possesses a null infinity I. We will also introduce an alternate conformal frame (∂M , h), that is a 'conformal compactification' of (∂M, h), in which I is a smooth null hypersurface. 2 We will assume the 'bulk' spacetime (M, g) possesses a Killing field ξ, such that the representatives (∂M, h) and (∂M , h) inherit this isometry. We will often assume that ξ is hypersurfaceorthogonal, which includes static spacetimes (ξ timelike) or certain cosmologies (ξ spacelike).
Definition. Null infinity I is said to be extremal if there exists a conformal frame (∂M , h) such that I is a smooth degenerate Killing horizon.
In section 3.1 we show that necessary and sufficient conditions for null infinity I to be extremal are that the norm N = h µν ξ µ ξ ν and its first derivatives are bounded near I. This includes various notable cases, including static asymptotically flat, or conical, spacetimes, and also certain cosmologies which approach Milne like spacetimes at late times.
Results. Consider a spacetime (M, g), with a conformal boundary, that satisfies (2.1). Suppose it contains an extremal horizon N defined by a hypersurface-orthogonal Killing field ξ, with cross-sections H, which intersects the conformal boundary. The following results apply:
1. There exists a conformal frame (∂M, h) with an extremal null infinity I such that ∂N = I. Thus, null infinity I of a boundary spacetime (∂M, h) may extend to a bulk extremal horizon only if it is an extremal null infinity.
2. The near-horizon geometry of N possesses a conformal boundary and satisfies the elliptic near-horizon equations on H, with the boundary condition fully determined by the geometry of I (if there are no other boundaries). For a given topology H, there may be no solution, a discrete set of solutions, or a finite dimensional moduli space of solutions.
3. The boundary stress tensor in the conformal frame (∂M, h) must have a particular decay near I. Therefore, if the stress tensor violates this precise decay law, I cannot extend to an extremal horizon in the bulk.
We will prove these results in section 5. As a concrete application of these results, in section 5.5 we argue that if (∂M, h) is a static asymptotically Minkowski spacetime, then any static bulk extremal horizon extending from boundary null infinity must have the near-horizon geometry of Poincaré-AdS. Further, the boundary stress-tensor must decay as O(ρ −d ), where ρ is the radial coordinate in Minkowski spacetime.
It is of interest to relax the notion of extremal null infinity by dropping the requirement that I is a smooth null hypersurface in (∂M , h). As we discuss in section 3.2 this leads to a more general notion of twisted null infinity which is conformally related to scale invariant geometries.
Conjecture 1.
There exist static bulk spacetimes (M, g) that end on a singular null hypersurface N which intersects the conformal boundary, with the following properties:
• There exists a conformal frame (∂M, h) with a twisted null infinity I such that ∂N = I.
• There is a scale-invariant near-geometry for N , which is determined by a system of elliptic equations more general than those for an extremal horizon, with the boundary condition fully determined by the geometry of I (if there are no other boundaries).
In section 6 we prove two non-existence theorems concerning such scale-invariant geometries and also provide evidence for the above conjecture via a linearised calculation.
Examples
We will now provide illustrative examples of the results concerning extremal horizons. Our examples are all for the case of a static-timelike isometry, although by analytic continuation one can also construct analogous examples with a static-spacelike isometry. Unfortunately we cannot give simple examples for the case of boundary twisted null infinity and their bulk dual, but will discuss evidence for their existence in section 6.
Poincaré-AdS
Consider Poincaré-AdS d+1 ,
where i = 1, . . . , d − 1. As is well known, this is the bulk dual to a CFT on d-dimensional Minkowski spacetime in the vacuum state. The conformal boundary is at z = 0 and its conformal class is that of d-dimensional Minkowski spacetime. In spherical polar coordinates
which of course possesses a null infinity at ρ → ∞, t → ±∞. Conformally compactifying we obtain,h
which is a near-horizon geometry AdS 2 × S d−2 with an extremal horizon at ρ → ∞ corresponding to the null infinity of Minkowski spacetime. The Poincaré horizon in the bulk is an extremal horizon, and is located at z → ∞ and x i → ∞ such that x i /z is held finite. We may use coordinates adapted to this extremal horizon [5, 10] ,
where ψ ≥ 1. The horizon is now at ρ → ∞ and the conformal boundary is at ψ → ∞.
In fact we may now recognise that Poincaré-AdS is its own near-horizon geometry. Indeed, performing the usual scaling (t, ρ) → ( −1 t, −1 ρ) simply leaves this metric invariant.
We now see a clear illustration of our Result 1 and Result 2. Firstly, the boundary null infinity of Minkowski is extremal (being conformal to the extremal horizon in (2.4)) and extends into the bulk as the bulk extremal horizon in (2.5). Secondly, the bulk near-horizon geometry (2.5) has a conformal boundary at ψ → ∞, whose geometry ψ −2 g| ψ→∞ is precisely the conformal compactification of the boundary Minkowski null infinity (2.4). Finally, note that Result 3 gives no obstruction to extending the boundary null infinity to a bulk horizon, as the boundary stress tensor in this case vanishes identically.
The above example is of course a rather trivial illustration of our results. In fact, we may deduce a much more non-trivial result in this context. Starting with Poincaré-AdS, any deformation of the Minkowski boundary metric which preserves asymptotic flatness, and still possesses a bulk extremal horizon extending to boundary null infinity, must possess the same Poincaré-AdS near-horizon geometry (2.5). We will state and argue this statement more precisely in section 5.5.
Non-extension of null infinity to a bulk extremal horizon
It is instructive to consider two examples where there is a null infinity on the boundary and yet no bulk extremal horizon.
Firstly, consider again a Minkowski boundary, and consider a static bulk corresponding to a thermal state, rather than the vacuum. The bulk is then given by planar Schwarzschild-AdS. In this case the boundary metric, being Minkowski, has an extremal null infinity. However the boundary stress tensor corresponds to that of the thermal plasma in the CFT, and is nonvanishing and homogeneous in space. As such, it does not satisfy the fall off requirements of our Result 3 above, and hence null infinity of the boundary Minkowski spacetime cannot extend to an extremal horizon in the bulk. Indeed, planar Schwarzschild-AdS instead of course has a non-extremal horizon.
Secondly, consider the example of compactifying a Minkowski boundary metric to a Kaluza-Klein space, 6) where φ ∼ φ + L parameterises a compact spatial direction. A possible bulk dual is Poincaré-AdS with the same identification of the spatial direction; however, this turns the Poincaré horizon into a null singularity. Alternatively, another bulk dual is the AdS-soliton [15] , which has no bulk horizons. In either case, there is no bulk extremal horizon extending from null infinity. The fact that the possible bulk duals do not have extremal horizons is consistent with the fact that the boundary metric after identification, no longer has an extremal null infinity. Indeed, conformally compactifying we see,
which is a product of a quotient of Poincaré-AdS 3 with a (d − 3)-sphere. In this case null infinity is no longer conformal to a smooth extremal horizon, since this periodic identification of AdS 3 renders its Poincaré horizon singular. Hence we see explicitly that null infinity is no longer extremal after compactifying a spatial direction of Minkowski. This absence of bulk extremal horizons that meet the boundary is then compatible with our Result 1.
CFT 3 on a static cone and resolved cone
Consider the case d = 3 where the CFT 3 is defined on a deformation of Minkowski that is no longer asymptotically flat, but instead is a static product of time with a cone,
for angular coordinate φ with period 2π. For α = 1 the spatial geometry of the boundary is a cone with opening angle 2πα and is singular at the axis of symmetry ρ = 0. Null infinity is indeed extremal, as can be seen by changing representative tō
which is a near-horizon geometry AdS 2 × S 1 where the S 1 is of radius 2πα. In particular, we see null infinity is conformal to an extremal horizon at ρ → ∞.
From our results we expect that if null infinity extends to a bulk extremal horizon, then its near-horizon geometry should depend on the near-horizon geometry conformal to null infinity, and hence depend on α. Hence for α = 1 the bulk horizon's near-horizon geometry will not be that of Poincaré-AdS. Indeed this is the case as we now show.
One might imagine the relevant bulk dual is Poincaré-AdS written in cylindrical coordinates,
again with angular coordinate φ, but this is not the case, since the bulk is now singular along the axis of symmetry ρ = 0. In fact, the general smooth static near-horizon geometry in four dimensional Einstein gravity has been found [13] . This yields a smooth bulk dual,
where ψ 0 > 1/ √ 3 is a constant parameter and the coordinate domain is ψ > ψ 0 . This geometry has a smooth axis at ψ = ψ 0 provided the constant α is fixed in terms of ψ 0 by,
The conformal boundary is at ψ → ∞ and yields the metric (2.8). 3 Clearly the bulk (2.11) has an extremal horizon at ρ → ∞; in fact it is its own near-horizon geometry. Further, we note that the near-horizon geometry is not that of Poincaré-AdS, unless ψ 0 = 1 in which case α = 1. Since (2.12) is a monotonic function of ψ 0 , we see that the boundary cone opening angle 2πα determines uniquely the near-horizon geometry of this bulk extremal horizon, illustrating our Result 2. Another nice illustration is to take the boundary metric to be a static resolved cone, asymptotic to (2.8) but with a smooth axis of symmetry. A particular choice for which we are able to write down a bulk metric, is the boundary metric, 13) where the function P and constant α are as above. This asymptotes to the cone (2.8) for ρ → ∞, although instead of being singular at the origin the space smoothly caps off at the axis ρ = ψ 0 > 0, so the cone is resolved. Null infinity is again extremal, with near-horizon geometry as ρ → ∞ being precisely that of the cone case (2.9) above.
A corresponding smooth static bulk metric to this static resolved cone boundary is an Einstein C-metric 4 , 14) in the coordinate domain ρ > ψ ≥ ψ 0 , again for ψ 0 > 1/ √ 3 with α given by (2.12). As before there is a smooth axis at ψ = ψ 0 . The conformal boundary is at ψ = ρ and evaluating ( ρ ψ − 1) 2 g there, yields the resolved cone boundary (2.13). It is easily shown that this bulk has a smooth extremal horizon at ρ → ∞. 5 The near-horizon geometry is found by scaling (t, ρ) → ( −1 t, −1 ρ) and sending → 0, which yields the general near-horizon geometry (2.11).
Thus for the same α, and hence the same asymptotic conical opening angle, the dual to the cone and to the resolved cone cases indeed both end on an extremal horizon extending from boundary infinity and share the same near-horizon geometry, illustrating Results 1 and 2. Calculating the boundary stress tensor for the boundary metrics in coordinates as in (2.8) and (2.13) respectively gives,
where c eff = 1/16πG 4 . These both decay asymptotically as O(ρ −3 ) as ρ → ∞, which is compatible with Result 3. In particular, the leading asymptotics of T resolved-cone is given by T cone . Also observe that T resolved-cone is smooth at the axis, as it should be. Physically we may say that the large scale behaviour of a CFT on a static cone, or static resolved cone with the same asymptotic conical structure, is simply governed by this asymptotic cone geometry. In the bulk this corresponds to the low energy physics living in the highly redshifted region near the extremal horizon whose near-horizon geometry is simply determined by this boundary asymptotic structure.
Null infinity
In this section we will introduce two types of null infinity. In later sections, we will consider AdS/CFT solutions with boundary spacetimes possessing such null infinities. 4 In fact this is the C-metric used in [16] in the context of 3d brane-world black holes, with
, one finds that r = 0 is a smooth extremal (future) horizon with respect to the Killing field ∂/∂v.
Extremal null infinity
Let (M, h) be a d-dimensional spacetime. Define an unphysical spacetime (M,h) which is obtained by attaching a (d − 1)-dimensional boundary I, whereh µν = ω 2 h µν for some smooth ω > 0 in M such that ω = 0 and dω = 0 on I. Of course, the unphysical spacetime is only defined up to a strictly positive Weyl transformation ω → e f ω. Now assume that I is a smooth null boundary, so the normal n µ = ∂ µ ω is null (in the metrich). We will refer to such spacetimes (M, h) as possessing a smooth null infinity. This places a constraint on the asymptotic behaviour of the curvature tensor in the physical spacetime. For a general Weyl transformation
Multiplying this through by ω 2 and evaluating on I (i.e. at ω = 0) thus implies n µ is null if and only if (
This of course includes asymptotically flat spacetimes, but also more general behaviour as we discuss below.
We will now assume the existence of a Killing field ξ µ of the physical metric whose norm N = h µν ξ µ ξ ν , and first derivatives, are bounded near I. We may choose ω such that L ξ ω = 0. Furthermore, we assume there exists an extension of ξ µ to the boundary which leaves the boundary invariant. Then, since L ξ ω = ξ µ n µ we see that the Killing field is tangent to I. We also deduce that L ξh = 0 on M, that is, ξ µ is a Killing field of the unphysical spacetime. Also note that if ξ µ is hypersurface orthogonal in the physical spacetime it remains so in the unphysical frame. Now define the norm in the unphysical spacetimeN =h µν ξ µ ξ ν . We thus haveN = ω 2 N . By assumption N is bounded near I, so it follows that ξ µ is null in the unphysical spacetime on I. Since ξ is tangent to I, we see that the Killing field is also normal ξ µ ∝h µν n ν . Therefore, since by assumption I is a smooth null hypersurface, we deduce that in the unphysical spacetime I is a Killing horizon of the Killing field ξ µ . Furthermore, it is easy to see dN = 0 on I, so that it is in fact a degenerate Killing horizon.
We will therefore refer to a null infinity of the above type as an extremal null infinity. To summarise we have shown the following.
Lemma. Consider a spacetime with smooth null infinity I, possessing a one-parameter group of isometries generated by a Killing field ξ tangent to I. If the norm of ξ in the physical metric, and its first derivatives, are bounded near I, there exists a conformal frame where I is a degenerate Killing horizon of ξ.
To be more explicit, let us writeh in coordinates adapted to the extremal horizon I. In Gaussian null coordinates we may write the metric near the horizon as (see e.g. [10] ),
where the horizon is at r = 0, the horizon Killing field ξ = ∂/∂v and the coordinates (y i ) are on a cross-section of I. The functionsα,β i , γ ij all depend on (r, y i ) and are smooth at r = 0. By construction, the function ω = 0 and dω = 0 on I, hence by smoothness it must be of the form ω = re w for some smooth function w. Thus, near the horizon, we may use ω instead of r as a coordinate, which gives
for some functions α, β i , γ ij and Γ > 0 which are now smooth functions of (ω, y i ) at ω = 0. In this coordinate system, the near-horizon limit is defined by the rescaling,
for > 0 and letting → 0. Thus, defining a new coordinate,
we see that the physical frame metric is,
which has a null infinity at ρ → ∞. Observe that the asymptotic values of the data α, β i , γ ij , Γ coincide with those of the near-horizon geometry in the unphysical frame. Let us illustrate the above with a couple of important examples. Consider spacetimes with a static Killing field ξ = ∂/∂t, asymptotic to the direct product of time and a Riemann cone
where b ij is the metric on the base B of the cone. Observe the norm of ξ is bounded for such spacetimes. This includes (asymptotically) Minkowski spacetimes as a special case. Defining ω = ρ −1 it is clear these spacetimes possess a null infinity at ω = 0. 6 The metric in the unphysical frame defined by ω is thus,
which is a near-horizon geometry AdS 2 × B. In particular ρ → ∞ is an extremal horizon, which corresponds to null infinity in the original frame.
As another example consider cosmologies with a spacelike Killing field ξ = ∂/∂t, which at late times are asymptotic to a Milne like universe,
6 It is easy to show that Rµν = O(ρ −2 ) as ρ → ∞ so it is clear that (3.2) is satisfied. In fact we have
Again, such spacetimes possess a null infinity defined by ω = ρ −1 and the norm of the Killing field ξ is bounded. The unphysical metric defined by ω is thus
which is a near-horizon geometry dS 2 × B. The surface ρ → ∞ is an extremal horizon which corresponds to the late time null infinity of the cosmology.
Twisted null infinity
For some applications it is of interest to relax the notion of extremal null infinity defined above, to allow for other kinds of null infinity. Rather than investigate this possibility in general, we will focus an an explicit class of examples which are closely related to extremal null infinity. An important class of spacetimes with extremal null infinities are those given by the static conical spacetimes (3.8) . A key property of these spacetimes is the homothety generated by the scaling (t, ρ) → (λt, λρ) for constant λ > 0. In fact, the most general static spacetime with such a homothety is given by a 'twisted' cone
over a base space B with metric b ij . It is clear that such spacetimes still possess a null infinity I defined by ω = ρ −1 . The unphysical frame metric is given bȳ
which is a generalisation of a static near-horizon geometry. As we discuss in section 6 and the Appendix, the null surface at ρ → ∞ in general is not a smooth extremal horizon with respect to ∂/∂t. However, in the special case 14) it is. This can be seen by redefining ρ → (a/b)ρ the geometry simplifies to a warped product of AdS 2 and B,h 15) which is the general form for a static near-horizon geometry [17] . It is clear that by analytic continuation a → ia and b → ib we obtain a twisted version of the Milne like cosmology (3.10). In this case the above discussion remains valid except for the special case for which they are a warped product of dS 2 and B.
We will refer to spacetimes with an asymptotic end of the form (3.12), or the analytically continued version just mentioned, as possessing a twisted null infinity. We will study possible AdS/CFT gravity duals with boundary metrics possessing such a twisted null infinity in section 6.
Extremal horizons in the bulk: The stress tensor as an obstruction
We will now consider AdS bulk geometries dual to a CFT on d-dimensional spacetimes with an extremal null infinity I as defined in section 3.1. Since there is a conformal frame on the boundary where null infinity is an extremal Killing horizon, it is natural to ask under what conditions this extends to an extremal horizon in the bulk. As illustrated in our examples in section 2.2 this clearly cannot always be the case. We will show that the boundary stress tensor provides a natural obstruction to this extension. We will first explain our general argument and then illustrate this with a simple example.
General argument
Consider AdS bulk spacetimes (M, g) satisfying the Einstein equations (2.1) with a d-dimensional a conformal boundary spacetime (M, h). As is well known, the metric in Fefferman-Graham (FG) coordinates adapted to a conformal frame with boundary metrich = ω 2 h is,
where z = 0 is the conformal boundary. Expanding near z = 0 and imposing the Einstein equation order by order gives,
where only the even powers z i for i < d appear. The coefficientsh (i) for i < d andā (d) are local covariant expressions determined uniquely by the boundary metrich. On the other hand, only the trace and divergence ofh (d) are determined in terms ofh, so its transverse traceless parth
T T is free. The boundary stress-energy tensorT fixes this quantity via the relationT
3)
are dimension dependent; in particular they vanish in all odd dimensions d [18] . Now assume (M, h) possesses an extremal null infinity I, as defined in section 3.1. The null infinity I is an extremal Killing horizon in an unphysical spacetime (M,h). Therefore, we may writeh near such a horizon in the form (3.4). Any symmetric tensor constructed out ofh, such ash (i) for i < d must admit a near-horizon limit (3.5) and hence have a near-horizon expansion of the same form as the metric itself (see e.g [10] ). It immediately follows that the bulk metric constructed in the FG expansion with all terms of order less than z d has a smooth extremal Killing horizon extending from null infinity I.
The question of whether the full bulk spacetime contains an extremal horizon is thus dependant on the behaviour near I of the next terms in the FG expansion. As mentioned above,ā (d) , Trhh (d) and divhh (d) are fully determined byh and are thus guaranteed to have a near-horizon limit. On the other hand, the transverse traceless parth
T T is determined by the boundary stress tensor (4.3). Now, sinceX (d) is constructed out ofh, it must also admit a near-horizon limit. We deduce thath (d) possesses a near-horizon limit if and only ifT does. In other words, extremal null infinity on the boundary extends to an extremal horizon in the bulk to order z d in the FG expansion, if and only ifT possesses a near-horizon expansion of the same form as the boundary metrich. Hence, as one would expect, the existence of an extremal horizon in the bulk geometry is dependent on the CFT state.
We may express this as a condition on the stress-energy tensor T in the physical frame (M, h) near I. The boundary conformal transformation h = ω −2h induces well-defined transformation properties for the expansion coefficients of the bulk metric. In turn this induces the following conformal transformation of the stress tensor [19] ,
where c d is a constant. The behaviour near I of the RHS is thus completely determined by the condition that the bulk metric possesses an extremal horizon extending from null infinity I. This therefore gives a precise decay law for the physical stress tensor near I.
To see this explicitly we first note that any symmetric tensor, such asT + c dā (d) , which possesses a near-horizon limit (3.5) must be of the form,
where e, f, h i , l i , p ij are smooth functions of (ω, y i ) at ω = 0. Therefore, using (4.4) we deduce that in the physical frame defined by (3.7), the stress tensor takes the form,
where ρ is defined by (3.6) . This shows that the stress tensor must have a fall off O(ρ −d ) as one approaches null infinity ρ → ∞ (since the functions e, f, h i , l i , p ij are all bounded there).
Observe that the physical stress tensor T → 0 near I, a property one would expect for vacuum states. This agrees with the intuition that bulk geometries which end on an extremal horizon are dual to vacuum states in the CFT. The FG expansion of the bulk metric is determined to all orders by (h,h (d) ). However, in general this is merely an asymptotic expansion which does not converge and so does not fully determine the bulk geometry. Therefore, we may only deduce obstructions to the existence of bulk extremal horizons. Namely, null infinity of the boundary extends to a bulk extremal horizon, only if the stress tensor has the decay near I determined by (4.6).
Example: CFT on asymptotically conical static spacetimes
As an example, suppose our boundary space-time is static and spherically symmetric, with an asymptotically conical boundary metric
as ρ → ∞, where α is a constant (if α = 1 it is of course asymptotically Minkowski). Such spacetimes possess a null infinity I at ρ → ∞, t → ±∞. Letting ω = ρ −1 and t = v + ρ, gives the unphysical metric,h
as ω → 0. In accordance with the general observations made in section (3.1), null infinity is an extremal horizon with an AdS 2 × S d−2 near-horizon geometry.
Assuming that the full bulk geometry inherits the static and spherical symmetry of the boundary, the stress tensor must be static and spherically symmetric so
In the unphysical frame this gives
where we have used (4.4). Recallā (d) is constructed out ofh and thus must possess a nearhorizon limit. Therefore, the boundary stress tensorT possesses a near-horizon limit if and only if
as ω → 0. Converting back to polar coordinates, we deduce that the bulk geometry has an extremal horizon extending from null infinity I only if the stress tensor satisfies the fall-offs
as ρ → ∞. We deduce that if the stress tensor in the physical frame does not satisfy the fall off conditions (4.12), null infinity of the boundary cannot extend to an extremal horizon in the bulk.
Extremal horizons in asymptotically AdS spacetimes
In this section we will perform a more detailed analysis of asymptotically AdS spacetimes containing extremal Killing horizons which extend to conformal infinity. We will first review some general properties of extremal horizons and collect what is known about their near-horizon geometries. Then we will study asymptotically AdS spacetimes containing an extremal horizon which intersects the conformal boundary, which leads to the notion of conformally compact extremal horizons. We will show that for such spacetimes, there is a conformal frame in which the boundary spacetime has an extremal null infinity, as defined in section 3.1 (showing Result 1). The near-horizon of the bulk extremal horizon is constrained to obey the near-horizon equations which are elliptic p.d.e.s. Solutions are determined by data which lives at the conformal boundary. We will find that the data that characterises the bulk near-horizon is precisely that which characterises the boundary extremal null infinity (showing Result 2). Finally, we will deduce the asymptotic fall-off of the boundary stress-tensor in the conformal frame where the boundary has a null infinity (showing Result 3).
Extremal horizons and their near-horizon geometries
Here we collect various general properties of extremal horizons and their near-horizon geometries which we will use, see [10] for more details.
General setup
Consider a d+1 dimensional spacetime (M, g) containing a smooth degenerate Killing horizon N with (d − 1)-dimensional spatial cross-sections H. Let ξ denote the Killing field which is null on the horizon. We will make the following technical assumptions: ξ is hypersurface orthogonal and H is simply connected. It can be shown that the near-horizon geometry of N can be written as a warped product [17] , 2) where N = {r = 0} is the horizon and ξ = ∂ ∂v . It is worth noting that for the AdS 2 and dS 2 cases one may introduce coordinates adapted to ξ which exhibit its orthogonality. To achieve this set t = v − k/r which gives,
so for k = −1 it is AdS 2 in Poincaré coordinates, whereas for k = 1 it is dS 2 outside the cosmological horizon where t is a spacelike coordinate and r is a timelike one. On the other hand, for the R 1,1 near-horizon geometry the Killing field ξ is everywhere null, so it is not possible to introduce orthogonal coordinates. 7 For such near-horizon geometries the Einstein equations (2.1) are equivalent to the following set of geometrical equations defined on H:
where R ab , ∇ a are the Ricci tensor and metric connection associated to the horizon metric γ ab . If one assumes H is compact then a global argument reveals that the only solutions are the trivial ones where the function ψ is a constant and the horizon metric is Einstein [13] . We will be interested in solutions with a horizon which possesses a conformal boundary. Thus we will assume H is non-compact, in which case non-trivial solutions do exist; we will discuss these below. We will also need the full geometry in a neighbourhood of N , not just its near-horizon limit. To this end, it can be shown that any spacetime containing an extremal horizon, with near-horizon geometry (5.1), can be written in the form 8 6) where all functions are smooth at r = 0. We should emphasise that hypersurface-orthogonality of ξ imposes non-trivial constraints on the functions (F, k a ), cf. [5] . In particular it implies that the 1-form (k a dx a ) r=0 is closed on H; this will be important below. It is easy to see that taking the near-horizon limit (v, r) → (v/ , r) and → 0 we recover (5.1) with F | r=0 = −k, so we deduce
as r → 0. It follows that for horizons with AdS 2 (k = −1) or dS 2 (k = 1) near-horizon geometry, ξ is timelike or spacelike respectively in a neighbourhood of the horizon. On the other hand for horizons with the R 1,1 (k = 0) near-horizon geometry there is no such guarantee.
Near-horizon solutions
In four space-time dimensions (d = 3) one can in fact determine all solutions to the nearhorizon equations (5.4) [13] . In particular, if ψ is non-constant one may use it as a coordinate on H (if ψ is constant, one recovers the trivial solution mentioned above). One then finds the general solution
where P (ψ) = k + βψ −1 + ψ 2 and α, β are integration constants. Observe that this metric automatically possesses a local U (1) isometry. By performing a careful global analysis one can show that requiring H to be a complete non-singular manifold, requires the existence of a largest root ψ 0 > 0 of P (ψ), so P (ψ 0 ) ≥ 0, such that the coordinate domain is ψ > ψ 0 . 9 In terms of the parameter ψ 0 we may write
and,
If P (ψ 0 ) > 0 there is a conical singularity at ψ = ψ 0 which may be removed by identifying φ with period 2π and setting 11) in which case there is a smooth axis of the U (1) symmetry. In this case H has topology R 2 and the horizon is axisymmetric with an axis at ψ = ψ 0 . For k = −1 this occurs for ψ 2 0 > 1/3, whereas there is no such constraint for k = 0, 1.
On the other hand, if P (ψ 0 ) = 0 there is no conical singularity. Hence φ need not be periodically identified or may be periodically identified with any period, resulting in horizon topology R 2 and R × S 1 respectively. In this case there is no axis and instead ψ → ψ 0 is asymptotic to a (quotient of a) hyperbolic cusp. This only occurs for k = −1 if ψ 2 0 = 1/3, or for k = 0 if ψ 0 → 0 (which is just the hyperbolic plane H 2 ).
The AdS 2 solution (k = −1) generalises a well-known case. For ψ 0 = 1 it is simply the Poincaré patch of AdS 4 written in coordinates adapted to the Poincaré horizon. The explicit coordinate change to Poincaré coordinates is:
with inverse
which gives,
Hence, the AdS 2 near-horizon geometries with ψ 2 0 > 1/3 represent a one-parameter family of generalisations of the Poincaré horizon. Observe these are all axisymmetric. 10 In more than four spacetime dimensions (d > 3) the full set of solutions to the nearhorizon equation (5.4) is not known. We comment that the Poincaré-AdS d+1 metric, written in coordinates adapted to the Poincaré horizon [5, 10] , provides a simple example with k = −1 and the horizon metric given by the standard Einstein metric on hyperbolic space
The coordinate change to Poincaré coordinates is the same as in four dimensions above. In five spacetime dimensions (d = 4), the general solution with SO(3) symmetry has been found numerically and as in four dimensions turns out to be a one-parameter generalisation of the Poincaré horizon [14] ; this is the analogue to the general axisymmetric solution in four spacetime dimensions discussed above. Similarly, we expect that in higher dimensions, the general solution with SO(d − 1) symmetry is an analogous one-parameter generalisation of 10 The R 1,1 solution (k = 0) turns out to be the AdS4 soliton written in null coordinates (as opposed to the usual static coordinates). It may be of interest to investigate the dS2 solution (k = 1) further.
the Poincaré horizon, although this has yet to be determined. We should emphasise though, that the space of solutions to (5.4) in higher dimensions d > 3 is expected to be much larger and more complicated if one relaxes spherical symmetry. We now make an important observation. Notice that all the above examples possess non-compact horizons H with a conformal boundary B as ψ → ∞. Namely, ψ −2 γ ab →γ ab is a non-degenerate metric as ψ → ∞ so that one may define a conformal extension of H. We will discuss this from a general point of view in the next section.
Before doing so it is instructive to consider a simple example. For the general four dimensional near-horizon geometry determined by (5.8), one simply findsγ| ψ=∞ = α 2 dφ 2 so that the conformal boundary is just a circle (or a line). Interestingly, we see from above that for k = −1 there exist two smooth solutions for any radius α, namely an axisymmetric solution with ψ 2 0 > 1/3 and a cusp like solution ψ 2 0 = 1/3. Similarly, for k = 0 there exist two solutions for any radius α, the axisymmetric one with ψ 2 0 > 0 and the hyperbolic cusp geometry ψ 0 = 0. However, as discussed above, these two solutions possess a different bulk topology. Nevertheless, this illustrates an important point: for a given conformal boundary, there may exist multiple bulk near-horizon geometries.
Given multiple near-horizon geometries with the same conformal boundary, it is natural to ask how we select the physically relevant ones. Since these solutions have zero temperature, we will compare their energies. The boundary energy density for the bulk near-horizon geometries dual to the cones (2.8) can be read off from the stress tensor (2.15), which gives E cone = c eff ψ 0 (1 − ψ 2 0 )ρ −3 . For fixed ρ, this is in fact maximised by the cusp solution ψ 0 = 1/ √ 3. Therefore, the axisymmetric solution for a fixed α, is always energetically preferred to the cusp solution. We deduce that the cusp solution can only be the physically relevant solution if there is some topological reason to discard the axisymmetric solution, e.g. if the theory has fermions with periodic boundary conditions.
Conformally compact spacetimes with an extremal horizon
Consider a spacetime (M, g) which is conformally compact and satisfies the Einstein equations (2.1). This means there exists a conformally related spacetime (M ,ḡ) with boundary ∂M , such thatḡ = Ω 2 g extends to a non-degenerate metric onM , for some smooth defining function Ω > 0 on M and Ω = 0, dΩ = 0 on ∂M . As is well known, the Einstein equations imply that the boundary ∂M is timelike with
for any defining function Ω, and the spacetime (M, g) is asymptotically AdS (in the sense of its curvature). Of course, it is only the conformal class of ∂M which is fixed. Now suppose the spacetime contains an extremal horizon N with respect to a hypersurfaceorthogonal Killing field ξ. As shown above, any such spacetime (M, g) can be written as (5.6). We may always choose a defining function which is invariant under the horizon Killing field, so Ω = Ω(r, x). We immediately deduce that (M ,ḡ) also contains an extremal horizon at r = 0 with respect to the same Killing field ξ. In particular, the form (5.6) implies that (M ,ḡ) near the horizon can be written as 11
where the quantitiesψ = Ωψ,γ ab = Ω 2 γ ab , (5.18) and k a , F , all extend onto the boundary ∂M . Of course, there is a freedom in the choice of a defining function corresponding to Weyl transformations on ∂M . Sinceψ > 0 we may use this to select a conformal frame withψ| ∂M = 1. We will employ this choice below. It is useful to define the function
on the horizon. Observe that in general, the horizon N and conformal boundary ∂M intersect at the locus I defined by (r = 0, z(x) = 0). We will assume there exists a conformal frame (∂M , h) such that the intersection I is non-empty and in particular is a smooth hypersurface. It follows that I is an extremal horizon in the boundary spacetime ∂M . It turns out to be convenient to use z as a coordinate on cross-sections of the horizon H. Restricting (5.16) to the horizon r = 0, it easily follows that
Thus given any representative boundary dataγ, by performing a Weyl transformation, we may always find a preferred defining function which satisfies
on N (at least in a neighbourhood of I). Hence we may introduce Gaussian normal coordinates (z, y i ) on H adapted to X =∇z so that the horizon metric reads
In these coordinates the near-horizon geometry (5.1) of our spacetime (M, g) reads
where for notational convenience we have defined the function Γ ≡ψ 2 . As discussed above, we may choose a conformal frame with boundary metric such thatψ| I = 1, so Γ(0, y) = 1. Notice that the near-horizon geometry itself has a conformal boundary at z = 0 and is automatically in FG coordinates. Its boundary metric is also a near-horizon geometry M 2 × B where B has metric b = b ij | z=0 dy i dy j . In the next section we will show how such geometries are determined by specifying just the data (B, b).
Returning to the full spacetime, we may now exploit the freedom in choosing a conformal frame on the boundary. It turns out to be convenient to work in a conformal frame defined by z itself, soḡ = z 2 g. 12 Putting things together we deduce that in this frame
for some functions A, C i , B ij suitably well-behaved at z = 0 -which satisfy A| r=0 = 1, C i | r=0 = 0, B ij | r=0 = b ij -and unless otherwise stated all functions depend on all coordinates (r, z, y i ).
Observe that the near-horizon limit of this spacetime coincides with the general class of nearhorizon geometries (5.23) as it should. Although in general (5.24) is not in FG coordinates, we may still extract the conformal boundary metric at z = 0 which is
This explicitly shows the boundary is also a spacetime with an extremal horizon at r = 0. From (5.7) we deduce that F (r, y) = −k+O(r), so the near-horizon geometry of the boundary spacetime is given by M 2 × B and so coincides with the boundary of the bulk near-horizon geometry (5.23) (as one would expect). The stress tensorT for the full spacetime is harder to extract explicitly since (5.24) is not in FG coordinates. However, we know that it must admit a near-horizon limit that must coincide with the stress tensor of the near-horizon geometry, which we give in the next section.
Conformally compact near-horizon geometries
In the previous section we showed that any conformally compact spacetime which contains an extremal horizon that intersects the conformal boundary, must possess a near-horizon geometry which itself is conformally compact and takes the form (5.23). In this section we study how the Einstein equations constrain such near-horizon geometries. Firstly we will argue that the static near-horizon equations are elliptic partial differential equations. Then we will discuss the data that these equations require when the near-horizon geometry has a conformal boundary. As discussed in section 5.1.2, for d = 3 it is possible to find all solutions to the near-horizon equations (5.4). For d > 3 the general solution is not known. In this case it is convenient to rewrite the static near-horizon geometry (5.1) as a Kaluza-Klein reduction ansatz,
12 This is always possible since our assumption that the bulk extremal horizon intersects ∂M on a null hypersurface I implies z Ω > 0 on ∂M , so we may perform a Weyl transformation to set Ω → z.
Then the near-horizon equations (5.4, 5.5) take the form, We now return to our original form (5.1) of the near-horizon metric. As shown above, for the class of spacetimes under consideration, the near-horizon geometry itself possesses a conformal boundary. In fact, the cross-section H itself is conformally compact with a conformal boundary B. 13 This means that data on the conformal boundary must be provided for the elliptic system of near-horizon equations in order to determine a solution.
As observed above, the near-horizon geometry (5.23) is automatically in standard FG coordinates (4.1) wherē
Therefore, we may apply the usual FG expansion to these near-horizon geometries as spacetimes in their own right. Using (4.2) we deduce analogous expansions for b ij (z, y) and Γ(z, y). Using these expansions we find the boundary metric is the direct product M 2 × B,
and the undetermined coefficient is,
Now, using (4.3) it follows that the stress tensor for the near-horizon geometry must take the formT = e(y)dΣ
for some functions e(y), p ij (y). In odd dimensionsX = 0 andh (d) is transverse and traceless, which gives the constraint equations
The even d case is a little more complicated in that both constraint equations pick up extra source terms involving the boundary metric (these can be written down but we will not need them). As a simple example, consider Poincaré-AdS d+1 , which can be written as (5.23) where
In this case the boundary data is simply the unit sphere b = dΩ 2 d−2 and the undetermined coefficient is given by
We deduce that this class of near-horizon geometries is determined by the elliptic horizon equations (5.4) on H. Assuming the only boundary of H is the conformal boundary B, then these solutions are subject only to a choice of boundary metric b on the conformal boundary B. Of course, it may be that for given boundary data (B, b) and bulk topology H, no solution, multiple solutions or a moduli space of solutions to the elliptic problem exist. These would be distinguished by the stress-tensor data (e, p), just as in the usual case of asymptotically hyperbolic Einstein metrics with prescribed infinity.
Relation between bulk near-horizon geometry and boundary null infinity
First let us consider a near-horizon geometry of the form (5.23). Write the metric on the 2d space M 2 as (5.2). Then, outside the horizon r > 0, we can change to a frame with boundary metric h = r −2h . Defining the coordinate
we find
This spacetime possesses a future null infinity I at ρ → ∞. Using (4.4), we find that in this conformal frame the stress tensor is
where e an , p an ij denote the contribution from the anomaly a (d) arising in the transformation (4.4). Interestingly, the anomaly does not actually affect the ρ dependence of the stress tensor. We see that the data characterising the null infinity, b ij (y), is precisely the same data that specified the boundary conditions for the bulk elliptic near-horizon equations. This establishes our Result 2 for bulk near-horizon spacetimes. Shortly, we will extend to the case of bulk spacetimes with extremal horizons with such near-horizon geometries. First however we will examine in more detail the three types of near-horizon geometries.
For the AdS 2 case k = −1 it is useful to introduce static coordinates (5.3), in terms of which
The boundary is a static Riemann cone over the base B with metric b. Observe that null infinity of this static conical spacetime corresponds to the extremal horizon in the original frame. We also see that the stress tensor near I has a precise O(ρ −d ) decay law. Similarly, for the dS 2 case k = 1 in orthogonal coordinates (5.3), we get
In this case, the boundary is the product of a Milne like universe with a flat spacelike direction t. Observe that the 'late-time' null infinity of this Milne like universe corresponds to the horizon in the original frame, and that the stress tensor must decay at late times as
On the other hand, as discussed above, for the R 1,1 case k = 0 it is not possible to introduce coordinates in which the Killing field ξ is manifestly orthogonal. Inspecting (5.35) it is easy to see that ξ = ∂/∂v is a covariantly constant null vector field. Therefore, the boundary spacetime in this case is a type of pp-wave.
We now wish to generalise the above to a general spacetime (5.24) containing an extremal horizon of these types. As shown above the metric on the conformal boundary is (5.25). Hypersurface orthogonality of ξ in particular implies (k i dy i ) r=0 is a closed one-form on B, so we can write (k i dy i ) r=0 = dλ(y) for some function λ(y) on B (this is valid globally if B is simply connected). Define a new coordinate
Outside the horizon we can change conformal frame to h = r −2h and in terms of this new coordinate we find
where F, B ij and v i ≡ k i − k i | r=0 are smooth functions at ρ = ∞ (this follows from the fact they are smooth functions at r = 0). Thus as ρ → ∞ we deduce
The leading terms are deduced from their values at r = 0 (which coincide with those of the near-horizon geometry). Hence in this conformal frame, the boundary spacetime is asymptotic to (5.35) as ρ → ∞ and thus also possesses a future null infinity I at ρ = ∞. This null infinity corresponds to the extremal horizon on the boundary in the original frame.
Notice in particular that the geometry of null infinity is determined by the boundary near-horizon data (B, b) and vice-versa. The stress-tensor T for the space-time (5.24) in this frame must asymptote to that derived from the near-horizon geometry (5.36). Therefore we deduce it must have the same leading decay law O(ρ −d ). This is consistent with our earlier arguments in section 4.
To summarise we have shown the following. Firstly, for any asymptotically AdS spacetime which contains an extremal horizon that intersects the conformal boundary, there exists a conformal frame on the boundary with an extremal null infinity. Secondly, the near-horizon geometry itself has a conformal boundary and satisfies the elliptic near-horizon equations with the boundary condition fully determined by the geometry of this null infinity (B, b) . Thirdly, the boundary stress tensor in the conformal frame with a null infinity, must have a precise O(ρ −d ) decay law. We have thus established Results 1,2,3 respectively, as stated in section 2.
Application: CFT on asymptotically flat spacetimes
Our arguments so far have been rather abstract and general. We will now show how they may be applied to a specific case of interest. Namely, to CFT on any background spacetime which is asymptotically flat. Using our results, we are able to deduce the following general statement regarding the infra-red bulk geometry.
Conjecture 2. Consider a (d + 1)-dimensional static solution (M, g) to Einstein's equations (2.1), with a d-dimensional conformal boundary (∂M, h) which is asymptotically Minkowski (2.3). Suppose (M, g) contains an extremal Killing horizon that extends from the null infinity of (∂M, h) (and has no other boundaries). Then, the near-horizon geometry must be given by Poincaré-AdS d+1 (2.5). Furthermore, the boundary stress tensor must decay as O(ρ −d ).
Argument: Firstly, we note the near-horizon geometry must have the conformal boundary AdS 2 × S d−2 with equal radii (2.4). Thus, the spatial sections of the horizon are conformally compact with boundary given by the round unit sphere S d−2 . Assuming that the SO(d − 1) isometry of this boundary extends into the bulk (as is the case for conformally compact Einstein manifolds [12] ), we deduce the near-horizon geometry must possess SO(d − 1) symmetry (in fact this assumption is unnecessary for d = 3, since the general static near-horizon geometry is axisymmetric [13] ) . Now, for d = 3 and d = 4 it is known there is a 1-parameter family of such static near-horizon geometries, with the parameter being the ratio of the radii of AdS 2 and S d−2 on the boundary [14] . Assuming this is the case in all dimensions, we deduce that fixing the conformal boundary to have equal radii, fixes the near-horizon geometry uniquely. The fall off of the stress tensor is deduced by conformally rescaling the stress tensor of the bulk near-horizon geometry to the frame in which the boundary metric is that of Minkowski.
The above result justifies the choice of bulk boundary condition used in the construction of the black droplet [5] .
CFT on backgrounds with a twisted null infinity
In this section we will consider AdS/CFT gravity duals whose boundaries possess a twisted null infinity, as defined in section 3.2. For definiteness, we will consider static spacetimes, although as we mention at the end of this section the cosmological case can be easily obtained by analytic continuation.
Let us suppose the homothety of the boundary metric h (3.12) is an exact isometry of the bulk. Then, the most general static and scale invariant bulk metric takes the form
whereγ ab is a (Riemannian) metric on the transverse space S with coordinates (x a ). The scaling isometry in question acts as (t, ρ) → (λt, λρ) for constant λ > 0. There is a gauge freedom in our choice of coordinates given by ρ → Γ(x) −1 ρ, where Γ > 0, which acts as
Thus we see thatĈ
is a gauge invariant quantity. Generically, the geometry (6.1) only possess the static and scaling isometries with 2d orbits. If the transverse space S has Killing fields, it turns out there is an extra gauge freedom. To see this, suppose K = ∂/∂x 1 is a Killing field, so all metric functions are independent of x 1 . Then, it is clear that there is a gauge freedom in our choice of coordinates x 1 → x 1 + k log ρ, where k is a constant. This induces certain non-trivial transformation properties for the functions B, C a ,γ ab .
Let us now examine the the null hypersurface N defined by ρ → ∞, t → ±∞. Clearly the metric (6.1) is singular on this surface; however, in some cases it is a mere coordinate singularity. In general, it is easy to show that if 4) then N is in fact a non-singular Killing horizon. Indeed, performing the gauge transformation (6.2) with Γ = B/A we get 5) which is general static near-horizon geometry. Conversely, in the Appendix we show that if S has no continuous isometries, the condition (6.4) is also necessary for N to be a non-singular extremal horizon. Thus, generically the geometries (6.1) possess a non-singular extremal horizon with respect to ξ at ρ → ∞ if and only if (6.4) is satisfied. If (6.4) does not hold, then we expect ρ → ∞ is generically a null singularity, although we have not shown this. 14 In the case of extra transverse Killing fields, the condition (6.4) is only sufficient for the null hypersurface to be an extremal horizon. In the Appendix we consider the special case when S admits a single hypersurface-orthogonal Killing field and derive a condition which generalises (6.4) that guarantees ρ = ∞ is an extremal horizon.
Let us now examine the Einstein equations (2.1) for such scale invariant geometries. We find these are equivalent to a set of geometrical equations defined on the transverse Riemannian manifold (S,γ ab ). To see this, it is convenient to introduce an orthonormal frame 6) whereê a are vielbeins forγ. In this frame we find the Einstein equations are equivalent to:
These correspond to the (ab), the (ra), the (00) and the (rr) components of the Einstein equations in the above basis, respectively. Observe that they are written entirely in terms of gauge invariant quantities (B,Ĉ a ,γ ab ) defined above, as they should be. Also note that these equations are not all independent due to the contracted Bianchi identity. These equations are reminiscent of those for a near-horizon geometry. In fact, imposing the spacetime regularity condition (6.4),Ĉ a = −B −1 ∂ a B soĈ is a closed 1-form. It is then easy to see that the equations reduce tô 12) which are precisely those for a static near-horizon geometry, equations (5.4), (5.5) with k = −1 and B → ψ andγ → γ.
If one performs the analytic continuation A → iA, B → iB in the above, one obtains scale invariant cosmologies which are bulk AdS duals to CFT on boundaries with a null infinity which is a twisted version of the Milne like cosmologies (3.10).
Existence of twisted solutions
Observe (6.8) implies that any solution to the above equations for whichĈ is a closed 1-form, must correspond to a regular near-horizon geometry. It is natural to wonder whether more general solutions exist. We deduce the necessary and sufficient condition for the existence of twisted solutions is thatĈ is not a closed 1-form.
In fact, we will now prove two non-existence results which provide obstructions to the existence of twisted solutions. Proposition 1. Consider a static scale invariant geometry (6.1), satisfying the Einstein equations (2.1), with a transverse space S which is compact with no boundary. The geometry must be a warped product of AdS 2 with S and possesses SO(2, 1)-symmetry.
Proof. Define the vector X a =Ĉ a + B −1 ∂ a B, in terms of which (6.8) can be written aŝ
By contracting this equation with X b , one can show that
Since S is compact with no boundary, by integrating this over S we immediately deduce that X a ≡ 0 everywhere, so (6.4) is satisfied. One may then perform a gauge transformation to get (6.5), thus establishing the claim.
Hence for compact S there are no more general static scale invariant geometries than the standard static near-horizon geometries. It is interesting to note that for scale invariant cosmologies, the above argument fails (since B → iB spoils positivity). Thus there may be the possibility of scale invariant geometries with compact S more general that the standard warped dS 2 near-horizon geometries. We will not pursue this here, but this may be worth investigating further.
Of course, we are interested in the case where S is a complete manifold with a conformal boundary (so non-compact). Consider a 4-dimensional static bulk solution so d = 3. As we have reviewed in section 5.1.2 in this case static near-horizon geometries must have an extra U (1) isometry and the general solution is that in equation (2.11). We might wonder if it is possible to similarly find twisted solutions in this U (1) symmetric class. In fact it is not. Proposition 2. Consider a four-dimensional static, scale invariant, U (1)-symmetric spacetime of the form (6.1), satisfying the Einstein equations (2.1). Then the spacetime must be a warped product of AdS 2 with SO(2, 1) × U (1) symmetry.
Proof. We begin by writing a general form for a static, scale invariant, U (1) symmetric bulk metric as
In the above we have made the following gauge choices. Firstly, on the transverse space S, we have introduced coordinates (ψ, φ) which are adapted to the U (1) symmetry such that ∂/∂φ is the Killing field and g φφ = g −1 ψψ and g ψφ = 0. Secondly, we have exploited the gauge freedom (6.2) to set g ρψ = 0. Notice that positive definiteness of the spatial metric in particular requires B 2 P − F 2 > 0. Then one finds that the (ψφ) and (rψ) components of the Einstein equations (2.1) can be integrated to yield that F = kP and B 2 = cA 2 + k 2 P for constants of integration k, c, so positive definiteness requires c > 0. Thus the solution must take the form,
Redefining t → √ ct and φ → φ − k log ρ we recognise this is simply a static near-horizon geometry. Hence the only static, U (1) symmetric, twisted solutions are in fact the untwisted near-horizon geometries, as claimed. 15 From the AdS-CFT perspective the above result is related to the fact that there is no deformation of the boundary metric dual to the near-horizon (2.11) with U (1) symmetry that introduces a twist. Recall that the boundary metric is represented by the static cone,
where φ is an angle and the constant α sets the spatial cone opening angle. Now, the only possible form of a twisted cone metric, preserving the static, scaling and U (1) isometries, is 18) where α, β are constants (we may always rescale the coordinates to set h tt = −1 and h ρρ = 1). However, we may rewrite this as, 19) so redefining φ = φ + β α 2 log ρ, and ρ = ρ 1 − β 2 /α 2 we see there is in fact no twist. Thus the boundary metric is equivalent to a static cone, and hence we expect the bulk dual to have an extremal horizon provided there is no obstruction from the stress tensor.
Thus in order to introduce a twist in this static 4-dimensional case we see that we must break the U (1) symmetry, and look for solutions to the resulting 2-dimensional p.d.e. system. 15 Observe that this example violates condition (6.4), but still possesses a smooth degenerate horizon at ρ = ∞ due to the presence of the U (1) isometry.
We have not found such solutions, although we expect them to exist. Specifically, if one specifies a boundary metric that is twisted of the form (3.12), we expect a twisted bulk solution to exist, although for the reasons above it may be challenging to find them. In the next section we give evidence towards their existence.
Before moving on, we note that the above two results are reminiscent of the near-horizon symmetry enhancement theorems [17, 20, 21] . In that case a general near-horizon geometry only possesses time-translation plus scaling-symmetry and under certain assumptions the Einstein equations imply this is enhanced to SO(2, 1). Here we have instead started from a general static scale invariant geometry and shown that under some assumptions the Einstein equations imply an enhancement of symmetry to SO(2, 1) (resulting in a non-singular geometry).
Example: A twisted deformation of Poincaré-AdS
Unfortunately we have not been able to solve the Einstein equations for non-trivial twist. This is not surprising since the near-horizon equations themselves are already difficult to solve.
As discussed above, we expect that four-dimensional static, scale-invariant, non-axisymmetric twisted solutions to exist. In order to provide evidence for this claim we now show that one may introduce a small twist to Poincaré-AdS 4 and solve the bulk equations to linear order.
We write the static metric as,
where we will work to linear order in , and P , J, F and H are functions of ψ and φ. We decompose the perturbation in Fourier modes on the circle with coordinate φ as,
for integer n. We have chosen a particular gauge for the perturbation. We note that the most general static perturbation that is invariant under the scaling (t, ρ) → (λt, λρ), with this harmonic dependence on φ, can be brought into this form by an infinitesimal diffeomorphism generated by the vector field, One can explicitly check this perturbation is indeed smooth on the axis ψ = 1, for every integer n ≥ 1, by transforming to Cartesian coordinates (x, y), so that ψ 2 − 1 = x 2 + y 2 and tan φ = y/x. The calculation is a little involved, although straightforward, so we omit the details.
This bulk perturbation then generates a boundary perturbation, h = −dt 2 + dρ 2 + ρ 2 dφ 2 + 2 ρ sin nφ dρdφ , (6.25) which precisely introduces a twist term onto the background Minkowski boundary metric, provided that n = 0. Note that unlike the U (1) symmetric case discussed above, in this case the twist is genuine and cannot be removed by coordinate transformations. Thus by superposing the harmonic modes we see that there is a single regular bulk solution for the boundary metric, h = −dt 2 + dρ 2 + ρ 2 dφ 2 + 2 c(φ) ρ dρdφ , (6.26) where c(φ) is any periodic function. This establishes our above claim.
We note that for the special case of a perturbation just composed of the n = 0 mode, this perturbation does not deform the boundary. Although the above perturbation in this case looks singular on the axis, in fact it is gauge equivalent to the bulk perturbation tangent to the C-metric moduli space, so that ψ 0 − 1 = /2 for the C-metric in equation (2.14) , to linear order in . Consider the null hypersurface N defined by r = 0. In the above coordinates the metric is clearly singular on this surface. We wish to find general conditions on A, B, C a which are necessary and sufficient for N to be a non-singular extremal Killing horizon with respect to the Killing field ξ = ∂ ∂t . To proceed we assume N is a smooth (in fact C 2 ) extremal Killing horizon with respect to the Killing field ξ. It is then well known that a coordinate system, called Gaussian null coordinates, may be constructed in the neighbourhood of N , as follows (see [10] for more details). Let S be a cross-section of N andx a coordinates on S. Starting from some point on S consider the point on N a parameter value v along the flow of ξ and assign it coordinates (v,x a ). Consider null geodesic vectors U which 'shoot-out' from a point on S transverse to N and satisfy U · ξ = 1,
on N , where X is any tangent vector on S. By the geodesic property of U , these conditions remain true in a neighbourhood of N . Assign coordinates (v, λ,x a ) to the point reached a parameter value λ along such geodesics. This gives a coordinate system (v, λ,x a ) valid in a neighbourhood of N called Gaussian null coordinates. Observe that in these coordinates
and ∂/∂x a are tangent to S. We now apply this construction to the above metric (A.1). The analysis depends on whether (A.1) possesses continuous isometries transverse to the orbits of the static and scale isometries. If S possesses no Killing fields, the (x a ) may be taken as coordinates on the cross-section S, so a basis for tangent vectors to S is given by where (v,x a ) are constants and we fixed the integration constant for r(λ) so that λ = 0 corresponds to N . Therefore, we have obtained a family of null geodesics which shoot-out from N parameterised by (v,x a ). Thus, according to the above construction, we have obtained a Gaussian null coordinate system (v, λ,x a ) valid in a neighbourhood of N which is related to our original coordinates by (A.7). In fact it is convenient to use a different affine parameter for U , namelyλ = B −2 λ, in which case
Using this coordinate change (A.1) becomes
We deduce that this metric is non-singular atλ = 0 if and only if
is satisfied. In this case, the resulting metric is g = B(x) 2 (−λ 2 dv 2 + 2dvdλ) +γ ab (x)dx a dx b , (A.11)
which is a warped product of AdS 2 and the cross-section (S,γ ab ) and is the general form for the near-horizon geometry of a static extremal Killing horizon [17] . If S has Killing fields the situation is a little more complicated. Suppose S has a single Killing field K and choose coordinates adapted to this so K = ∂/∂x 1 . Then, as observed in section 6, the diffeomorphism x 1 → x 1 + k log r for constant k is a gauge freedom. This means the cross-section S may not necessarily be located at finite value of the coordinate x 1 , so the above analysis needs to be modified. Rather than repeat the above analysis in general, we will simply show that (A.10) is not necessary for r = 0 to be a non-singular extremal horizon, as follows.
For simplicity, suppose K is hypersurface-orthogonal. Then, in static coordinates (A.9) can be written as for some constant k, and C 1 is constant. Observe that for k = 0 this latter condition generalises (A.10) for a = 1. In this case the geometry is 14) where y =x 1 + k log λ, so we also require k < 1, resulting in a warped product of AdS 2 .
Notice that coordinates on the cross-section S in this case are given by (y,x I ), so, as alluded to above, in the original coordinates S corresponds to x 1 → ∞ with x I finite.
